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Abstract—A hydrodynamic theory of the process of thinning of one-sided and symmetrical emulsion films is
presented. The theory is essentially based on three assumptions: 1. the film is considered as being thin in the
hydrodynamic sense; 2. the film surfaces are assumed to be plane-parallet, and 3. the dissipation of energy
outside the film and the adjacent regions of the dispersion phase is neglected. The complete set of
Navier-Stokes equations for the dispersion phase are solved. The case of non-steady flow is also considered.
Some approximated equations valid for systems of practical importance are obtained.

1. INTRODUCTION

Many recent investigations have been dedicated to the study of the kinetics of thinning of
emulsion films (MacKay & Mason 1963; Hartland 1967; Sonntag 1960; Platikanov & Manev 1964;
Sheely & Leng 1971). In most, the experimental data have been interpreted by means of Reynolds
equation, describing the thinning of a liquid film confined between two rigid parallel discs
(Reynolds 1886). It has been shown however (Radoev, Dimitrov & Ivanov 1974) that in foam
films, because of the mobility of the surfaces, the rate of thinning can be considerably greater
than that calculated from Reynolds equation. Deviations from Reynolds equation for emulsion
films can be even greater in cases where films are obtained in the absence of surfactant. This is
pointed out in many studies (MacKay & Mason 1963; Hartland 1967; Platikanov & Manev 1964)
but for lack of alternative governing equations, Reynolds equation is used.

The above considerations reveal that the correct interpretation of experimental results on the
kinetic behavior of emulsion films requires the use of an equation for the rate of thinning which
accounts for both the motion of the film surfaces and the motion of the liquid in the droplets.
Murdoch & Leng (1971) have attacked this problem but have obtained a solution only for the
film, while flow in the droplets has been accounted for by introducing some adjustable
parameters, determined from the experiment. The present work is an attempt to give a complete
hydrodynamic theory of the process of film thinning by solving Navier-Stokes equations both for
the film and for the droplets. The rate of thinning is expressed only in terms of known
experimental quantities. Similar theories are developed for the case of mutual approach of two
non-deformable droplets (Wacholder & Weihs 1972; Reed & Morrison 1974; Haber, Hetsroni &
Solan 1973). For cases where a plane-parallel film exists between dfoplets there is only one set of
papers in which, as in ours, the motion of the liquid in the droplets is considered (Reed, Riolo &
Hartland 1974 a,b). Unfortunately, the approach, the model and the approximations used by Reed
et al. (1974) differ from ours, hindering any quantitative comparison of the two theories, though
both lead to some identical qualitative results (see below).

2. FORMULATION OF THE PROBLEM

For simplicity, we consider the system shown in figure 1: the emulsion film of thickness # and
radius R is formed in a tube of radius R. by sucking out the liquid from a biconcave meniscus, II.
The film and the meniscus form the dispersion medium. The tube, assumed infinitely long, is filled
with liquid 1 forming the dispersion phase. The system does not contain any surfactant. The film
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1
Figure 1. A model of emulsion film of radius R

formed in a capillary of radius R..I—dispersion Figure 2. Scheme of a plane-parallel circular film of radius
phase, IT—dispersion medium. R and thickness h.

L.

-zl

is plane-parallelt and sufficiently thin so that h/R < 1. Because of the natural symmetry of the
system we use the cylindrical coordinates shown in figure 2, and all calculations are carried out
only for z>0. The flow in the film obeys the simplified Navier-Stokes equations (valid for
h/R <1) known from lubrication theory. Denoting all the quantities refering to the film by an
asterisk we write these equations in the form (Kochin, Kibel & Roze 1965; Levich 1962)

8zv’l‘=_1_8p* 1
az>  u* ar’ (1a]
ap* .
;’—z=o, [1b]
134 av¥
;E;(rv":)+—5z—=0. [1c]

For the dispersion phase we solve the complete set of Navier-Stokes equations

v, o, v 1ap [azv, ] v,) azv,]
o, T, e 2P O Ty O (Y , :
at " Uar T par Lar ar<r s (2]
dv. v,  ov. 1dp <6zvz 1 dv, azvz) ,
LA S A (T oo , 2
at U T T T TR T T (2b]
10 dv,
——(rv,)+—=0, )
¥ ar(r” ) 0z 0 [2¢]

where gravity has been neglected. In [1] and [2] v, and v. denote the velocity components in #-
and z-directions, ¢ time, p pressure, p density and p and v = u/p the dynamic and kinematic
viscosities. To formulate the boundary conditions let us consider briefly the character of the
liquid motion in the system. Since the outflow of the liquid from the film initiates motion of the
liquid both in the dispersion phase and in the meniscus, the complete hydrodynamic description
of the system under consideration is an extremely complicated task. Our intention is more
modest: we only seek the correlation between the rate of film thinning and the driving force of
this process. Investigations of the liquid flow in foam systems (films and bubbles) have shown
that the dissipation of energy decreases sharply with increasing distance between the liquid
interfaces, so that the energy is primarily dissipated in a narrow region situated immediately

1In fact the film is usually lens-shaped (the so called “‘dimple”). The problem of the film shape has been studied in many
experimental and theoretical works (Hartland 1969; Frankel & Mysels 1962; Ivanov & Radoev 1970-71, 1972-73) and we do not
discuss it here. For microscopic films of lesser diameter, however, the ‘‘dimple” is small and the film can be regarded as
plane-parallel.
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about the symmetry axis. This result allows us to assume that in the system considered here the
predominant part of the energy is dissipated in the region 0=r = R, so that there is no need to
consider liquid motion beyond this region.t This approach, however, restricts the scope of the
solution for it does not allow the determination of the boundary conditions at r = R with respect
to v, and v.. Thus, when solving [1] and [2] the following boundary conditions can be employed

v¥=v,=U(r) [32]
v¥=9,=-V/2 at z=h/2, [3b]
v* av
* r = r
Pz K5z [3¢c]
p*=p% at r=R, [3d]
m) e
—Jo
. (3f]
oz 0 at z=0,
0z 3g]

where V = — dh/dt is the rate of thinning of the film, U(r) is the radial velocity on the interface,
po is the pressure in the dispersion phase far from the interface, and p¥ is the pressure ina
hypothetical equilibrium film of the same thickness. This pressure is related to the pressure p.. in
the meniscus through the correlation

pS=pm +I, (4]

where I1 is the disjoining pressure (see e.g. Sheludko 1966). All functions giving the solution of [1]
and [2] must obviously be finite at r =0.

The conditions [3a] and [3b] result from the very formulation of the problem, and [3¢] is the
continuity condition for the tangential component of the stress tensor on the interface. Equation
[3d] follows from the assumption that the liquid in the meniscus is immobile and [3¢] and [3{]
account for the vanishing of the radial motion of the liquid in the dispersion phase at z ->« (this
does not apply to the velocity component v, which, even at z =, has a finite value (see [13] and
figure 3). Equation [3g] is the symmetry boundary condition.
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Figure 3. Plots of the solution of [16]: 1—dependence of the function f on the dimensionless coordinate 7;
2—dependence of the function [ f dn on n; 3—dependence of the function f on 7 obtained in (Ivanov &
Traykov 1971-72) by von Karman-Pohlhausen’s method.

1This assun!ption leads to a certain simﬂarity in both the approach as well as in the results of our theory and von
Karman’s solution for rotation of a disc in an infinite liquid (see e.g. Loytsianskyi 1962; Schlichting 1955).
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The method of solution of [1] is given in detail by Radoev, Dimitrov & Ivanov (1974) and Ivanov
& Traykov (1971-72) and we present only the final expressions for v* *,v¥and p*

-

3

vt = 5QUR - Vr)(z ~%>+U (Sa]

R, ,

ve= Ll r@Un - vr) 34h)+Urz [5b]
% R

p*=pi‘§+3“a L R?’-r) 12h;§ f Udr [S¢]

The particular symmetry of the system implies the following form of the expression for v,

=Un)f(n), (6]

where the dimensionless coordinate
n=(z-h2\U/lmw), [7]

may, in principle, depend on 7. The thus far unknown function f(7) is determined later. Equations

[3cl, [5a] and [6] vield
32 ~ 3I~L*V”2 _[-_]__
(1) -7 8]

a; ={df/dn). -. (9]

where

Since [8] is an algebraic equation with respect to U/r, we can write
U=Ar [10]
where A (which does not depend on r and z) is one of the roots of [8]. Thus [6] acquires the form
v = Arf(n), (1]

and 7 does not depend on r:

n=G-hnr(2) [12)

Integrating {2c] on z with the aid of [3b] and [11] we obtain

e = =2V [ iy an - v, [13]

Taking into account [3f], [11] and [13], from [2b] we conclude that p does not also depend on #,
i.e. the term dp /or in [2a] vanishes. Equations [11], [13] and the above considerations allow us to
write [2] in a simpler form:

592'+ v, 6v, Vazv,
at " Uar T T Vars

[14a]
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dv.  dv._ 1dp 3°n 14b
LT paz+"az2’ [14b]
%ai’r(rv,yr %0, [14c]

These equations are solved in the following sections.

No truly steady flow in the dispersion phase is possible (see section 6), but for the sake of
simplicity in the next section we neglect the derivatives with respect to ¢t in [14]. The case of a
one-sided film (one surface bounding a liquid, the other a solid) is considered in section 4. In
section 5 a solution for the case of non-steady flow is obtained. Some of the approximations used
subsequently are analysed in appendix 1.

3. SYMMETRICAL FILM—STEADY FLOW

In this case the derivatives with respect to ¢ in [14] disappear. In this manner from [14a] and
[13], the relation [15] is obtained

f~+2f'(L"fdn+R/TVXV—))—f2=o, [15]

which after differentiation with respect to n is transformed into an ordinary differential equation
frf = f 4 =0 [16]

At n=0, f=1 (see [3a]) and V/[21/(Av) <1 (see [A.I.1]). In order for [15] to be valid, the

condition f"(0) = 1 must be satisfied. Since f must go to zero when n - «, we obtain the following
boundary conditions for [16]

f=1 _ [17a]
f" = 1} at "l 0’ [17b]
f=0 at =0, [17¢]

Equations of the type of [16] appear in many hydrodynamics problem (see e.g. Schlichting
1955). Because of the previously noted similarity between our problem and von Karman's
problem for rotation of a disc, it is convenient to solve[16] by the method of Cochran (Schlichting
1955), used in the solution of von Karméan's problem (see also Levich 1962). We represent,
therefore, the solution of [16] by the series

f=3 “;‘:{ [18]
for 0=7n <1, and
fo= 2 fae™" [19]
n=1

for > 1. The coefficients a,, b. and 8 are determined by substituting [18] and [19] in [16] and
[17] and equating the values and the derivatives of f, and f.. at a point 7. The numerical solution
yields the following values: no=1; B =1.44; ao=1; a,=-1.19; a:=1; a:=0; a,= -2;
as=2.38; ...b1=1.16; b.= —0.324; b;=0.0905; b,=0.0240 etc. The functions f and [3f dn
calculated in this manner are shown in figure 3 (curves 1 and 2). They differ by no more than 2%
from the computer solution of [16] carried out in the ACC of CLTOCT of BAN. In figure 4 the
calculated streamlines are shown. Both figures reveal that at a given dimensionless distance
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m =~ 2.5, the radial motion dies (f(n:) = 0.03). This allows the quantity (see [12] and [23] at €, < 1)

5 =2.5\/(;2)x3.5\/(%1’) [20]

to be considered as a thickness of the boundary layer, where the main part of the energy is

J

Figure 4. Streamlines in the dispersion phase at steady flow in a symmetrical emulsion film.

0] r

Equations [18] and [19] give the solution of Navier-Stokes equations [14] for the dispersion
phase. The velocity v. is easily calculated on this basis from [13]. The pressure p is obtained by
integrating [14b] with the aid of the boundary condition [3f],

p=po-2uali+(["san) = (] ran) ] 21]

The velocity of thinning, V, can be found from the equation for the balance of forces acting
upon the film surface,

f por dr = j pt.rdr, [22]

where p.. is the normal component of the stress tensor. Writing [8] in the form (see also [10])

vV
= ; 2T AT 23
U=Ar A=saTey (23]
where
o _Gph (é_z)
€2 6™ L ) [241
and substituting in [Sc] U from [23] we obtain
2 2

h? (1+e)’

Thus from [12], [13] and [21], using [17a] we have, at n =0,
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pu(0) = —p(0)+2u("’”’) = — Dot 3.04uAs, [26a]
n=0

where the value of [of dy =0.72 is taken from figure 3. Similarly, from [5b], [23], and [25] we
obtain

pt.= —pk- ’;lsv(lj 2)(R2—r) 4p*A,. [26b]

Equations [26a], [26b], and [4] yield

3u*VR? e
2h° 1+ ez)

= AP +(3.04p — 4u ") A, [27]

where
AP =P, 11 28]

is the driving force (per unit area) of the process (P. = po— p is the capillary pressure). When
the film is thinning under the action of an external force F, P. must be replaced by F/#R> If
AP > (3.04p —4p™) A, (see [AL3]), [27] can be written as

\% 1
—‘;; =1+ ;2' s [29]
where
3
Vo= 3 2hR2 AP 30]

is Reynolds’ velocity of thinning of the film formed between two rigid parallel discs (Reynolds
1886). From [26] it is clear that the same result might be obtained by putting

p%.(0)= - p¥, [31a]
and

p=(0)= —p(0) = — po. [31b]
The assumption p(0) = po is equivalent to Prandtl’s approximation dp/dz = 0 (see section 6).

4. ONE-SIDED FILM—STEADY FLOW
An expression for the rate of thinning of one-sided film can be obtained in a manner analogous
to the above described. In this case the boundary conditions [3] are only valid for the upper
surface, while for the lower surface they are replaced by

vi= V/2} _ [32a]
% =0 at z=—hJ2 [32b]
Instead of [5], the solution of [1] now yields
3 2

= 5(Uh = Ve~ W) + U(2 h) [33a]

v * 32 1\ Urhfz 2* 1

¥ | (ITh — U [ 241 —_— -
vi=y Ty ar[’(Uh vr )(h’ ah 4)+ 2 (h +h’+4)]’ [33b]

* R
pr=ps+3 YR 2)—67”2—‘[ Udr. [33c]
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From [3c], [6}, [7], and [33a] we obtain again an algebraic equation for U/r, similar to [8], whose
solution can be written as

) 4
U=Ar A= sy (341
with
_ _ahp (!b)
€, 4[1,* v . {35]

When the film as a whole does not perform any transiational motion, i.e. when the plane z =0 is
immobile, the forces acting upon its upper and lower surfaces must be equal. The balance of
forces [22] can then be applied to the upper surface only. Since the boundary conditions at
z =h/2 and z = = are the same as in the previous section, p.. at n =0 is given by [26a] with A,
replacing A,. The value of p*. at n =0 is calculated from [33b], [33c] and [34],

3IL*V(1‘+’4€1) 2 2
* = —p¥— pSSA _ - *
pE.(0) PE= 4 d+e) (R°—r)—4u*A,. [36]

Thus with [4], [28], and [22] we obtain

3u*VR* (1+4e) s
T (1+€I)—AP+(3.04M 4u™A,. 371

With AP > (3.04u —4u*) A, (see [A.L13]), and [30], [37] transforms into

X: 1+€1
Vo 1+4€|.

(38]

5. NON-STEADY FLOW IN THE DISPERSION PHASE
For a sufficiently thin plane-parallel film and constant external force (capillary pressure) the
flow will be in fact, quasisteady. All time-dependent quantities depend on t only via h, e.g.
v, = v[r, z, h(t)] and

(3v./at) = (dv./dh)(oh]dt) = — V(dv./dh). [39]

This assumption is supported by the finding of Reed et al. (1974b) that in most cases their
long-time assymptotic formula approximates reasonably well the exact solution for any time

interval.
When deriving[23] (respectively [34]) we have not employed [14]. Therefore [23] can be used
now, and from [23], [11], [12] and [39] we obtain

From [23] we have V(8A./dh)= —2A3k, where

d1n de>
,={1- -, 41
K> (1 ik (l+ez)+hah [41]
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Therefore,

The other terms in [14a] are transformed as in the case of a steady flow, so that instead of [15] we
obtain

preaf [ fan-f-f+ =0, 43]

which after differentiation with respect to n transforms into
ff =2+ 1+ Qff" =3 )xa = 0. [44]
Substituting n =0 in [43], we see that the boundary condition [17b] is replaced by
f'=1+2k. at n=0. [43]

The solution of [44] permits determination of the constant a, = f'(0) which, for a non-steady
flow, will depend on k through «.. In table 1, values of a, found by numerical solution of [44] for
various values of the parameter k. are presented.

The derivative dv./dt in [14b] is calculated from [13] by using the same arguments as when
deriving [42]. Thus we obtain

5‘%” = —2uA2[f’ +2fff dn - Kz(ﬂﬁfoﬂf dn)]- [46]

In [46] we have neglected the term (V/2)(3V/oh) which is of the order of V /y/(A.v) with respect
to the other terms. With 1 - «, [46] yields (dp/dn) > 2uA k. [5 f dn = const (see figure 3) so that
the boundary condition [3f] cannot be satisfied. The same difficulty arises in the exact non-steady
solution of von Karméan’s problem for rotation of a disc (see e.g. Loytsianskyi 1962). In both
cases this discrepancy is connected with a certain inconsistency of the model. The liquid having
reached the film surface (respectively that of the rotating disc), is thrown out toward the
periphery and its motion is no longer taken into account. Thus, in order to satisfy the continuity
equation [2¢] a flux along the axis z must arise which will compensate for the rejected liquid.
With steady flow in the boundary layer, this flux is supported by the pressure gradient (see [21] or
[46] with k. =0) dp/an = —2pAf +2f [5 f dn). According to [13], outside the boundary layer
(at 7 > > ) the rate of this flux will be constant (v, = —2v/(A.v) [s f dn) and the liquid there
will move as a solid body without energy dissipation. Hence dp/dn at 5 > . For non-steady

Table 1. Dependence of the coefficients a, and B on «, (see text)

K -a, B K -a, B
-0.80 0.342 6.49 0.10 1.263 2.72
-0.70 0.486 5.07 0.20 1.341 2.62
—-0.60 0.601 437 0.30 1.419 2.51
-0.50 0.703 4.02 0.40 1.481 2.44
-0.40 0.802 3.69 0.50 1.504 2.38
-0.30 0.900 342 0.60 1.598 2.32
-0.20 0.991 3.18 0.70 1.660 2.27
-0.10 1.082 2.98 0.80 1.722 2.22

0.00 1.189 2.82 0.90 17711 2.17
1.00 1.829 2.12

1.20 1.930 2.07
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flow, an additional term, 2uA-kx(nf + f3 f dn), appears in 9p /on = 0 (see [46]). It accelerates the
motion of the liquid along the axis z. Since at 7 >, the liquid also alters its velocity with the
time, in this case dp/dn does not vanish beyond the boundary layer. In the real bounded system
(such as the droplet) this effect can hardly play a significant role in the force balance. Moreover.
even with non-steady flow, the liquid motion at > v, does not result in energy dissipation.
Therefore when integrating [46] we shall assume p/én = 0 at n > n,. Thus from [46] and [3f] we
obtain

PO =po+ 20 ([ £ dn) —rem [ ran-1] (471

In the latter equation v and [ f dn depend, naturally, on h, but for simplicity we shall use the
values 2.5 and 0.72 which are valid for steady flow. From [22], [26b], [13], and [47] we obtain

3u*VR® e
2 (1+e)

= AP +(3.04p —3.60k2p — 4 ) A, (48]

From this with uA, <1 and u*A, <1 (note that «. ~ 1) an equation is obtained which coincides
in form with [28]. However, when calculating ¢, from [24], the dependence of a, on h must be
taken into account.

As in the case of a steady flow, the transition from [48] to [29] is equivalent to using the
approximation [A.L3]. From a logical viewpoint, rather than integrating [46] approximately, it
might be better to substitute, following Prandtl, dp/3z = 0 for [14b] obtaining eventually the same
result. We chose the former, less founded way, in order to get at least a rough estimate for the
applicability of [29] at non-steady flow (see section 6).

The derivation for the one-sided film is carried out in the same way and [38] is again obtained.
In this case

_2(, oM 2, e
K= (I Tk (l+el)+3hah

must be substituted for . in [44] and {45].

6. DISCUSSION

For derivation of the formulae for the rate of thinning, [29] and [38], three main assumptions
are made: 1. for 0 =r = R the approximation h/R > 1 (thin film) has been used, 2. the film has
been assumed to be plane-parallel, and 3. the dissipation of the energy resulted by the liquid
motion at r > R has been disregarded.

Condition 1 is always well satisfied. In order that condition 2 be fulfilled, special measures
must be taken, for the deviations from the plane-parallel form are usually substantial with
emulsion films (see e.g. Hartland 1967, 1969). Condition 3 will be probably violated with films of
very small radii when the magnitude of the transition region between the film and the meniscus is
of the order of the film radius, or with very small droplets whose radii are comparable with the
thickness of the boundary layer.

More convenient expressions for e; and V can be derived from [23], [24], {29], and [30]:

2 h4AP 1/3 Ml/'} “1/3
=35 (2) ks [50]
and
' §§ u*3R2 >|/3 51
Vo 15 (uph“AP ’ (51
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where
B(k2) = (-4V/2]a\)*", (52}

and €, = (2/3B)(ph*AP/R?)' denote all factors in [50] which do not depend on the viscosities u
and u*. In experimental investigations of the thin liquid films, the values of the parameters
determining e, are of the order of magnitude of p =1glem’, h =10 cm, R =10 cm and
AP =10° dyn/cm’. This yields €, ~ 10~° which ensures in practice the validity of the inequality
e: <1 for all systems. For a one-sided film, instead of [50] we obtain

E|2 =27B2€
4+€1 8 0

3;%3. [53]

In this case also e; <1 for all systems of practical interest.

Because of the idealised model and the approximations used it is extremely difficult to
indicate the exact limits of validity of the results obtained. However, it is quite sure that at 4 >
the applicability of [29] and [38] is not grounded, for then the approximations [A.I.1] and [A.L.3]
employed when deriving these equations are not fulfilled. Nevertheless it is worth noting that
with p > both €, and e, (see [50] and [53]) tend to infinity so that [29] and [38] turn into
Reynolds equation (V = Vo). With €, < 1, [38] turns into the equation V =4V, for the velocity of
thinning of a one-sided film verging on the upper surface with vacuum (Sheludko & Platikanov
1959-60), while with ¢, <1 [29] and [50] yield

5 2\ 1/3
V= Voles = B(" AP ) , [54]

puR’

which follows also directly from [51]. A remarkable feature of this formula is the absence of the
viscosity u* of the dispersion medium. This result is visualised by the calculation of energy
dissipation. In appendix 2 it is shown that e is approximately equal to the ratio of the energies
dissipated per unit film area and unit time respectively in the film and the drops. On the other
hand from [24], [23] (with €.<1) and [57] we have e; = (uh/u*\(V/hv)=(uh/p*8). This
means that the energy dissipation is merely proportional to the thicknesses h and & (i.e. the
volumes) of the respective regions. Since according to [A.L2] h/§ <1, with comparable
viscosities u and u* the predominant part of the energy will be dissipated in the drops. This
effect will increase when h diminishes because 8 ~ h ™' (see [54] and [57]).
Neglecting in [41] €; and h(de./dh) (see [A.1.4]),

k2=1-dmlmV/dlnh [55}
The latter equation allows the calculation of «, (and hence of B) from the experimentally

obtained function V (k). The dependence of AP (i.e. of II) on h can then be found from [51] and
[52]. With the aid of [54], [55] can be written in the form

_ 2(1 alnAP)_alnB

m 3\ T Tk ) ame

[56]
Comparison of [16] and [44] reveals that the flow will be steady if «» = 0. Since in the right hand
side of [51] there are two quantities dependent on k in an entirely different manner, it is hardly
probable that systems exist which obey the equations for steady flow at all thicknesses. The same
conclusion was reached by Reed, Riolo & Hartland (1974b).

We have already mentioned that the solution of [14], represented graphically in figure 3, can
be interpreted by means of the assumption that a boundary layer with thickness § ~ 3.5V (hv|V)
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exists. Similar results are also obtained by the direct application of Prandtl’s theory (see e.g.
Loytsianskyi 1962; Schlichting 1955) according to which

8 = RI\V(Re) =R\ (UoR[v)=+/(hv[V), (571

where Re is the Reynolds number and U, = A,R = VR/2h. The good agreement of the results
obtained by the two approaches is illustrated by curve 3 in figure 3, which represents the function
f(n) calculated from the solution for steady flow on the basis of Prandtl’s approximation (Ivanov
& Traykov 1971-72). The formula for the velocity of thinning at e, <1 derived in (Ivanov &
Traykov 1971-72) for steady flow coincides with [49] but with B = 2.98 instead of the value 2.82
obtained in the present work.

The coincidence of some results obtained in the present paper with those obtained earlier
(Ivanov & Traykov 1971-72) by von Karman-Pohlhausen’s method does not mean that the
validity of the present theory is restricted by the applicability of Prandtl’s approximation
§/R < 1. Indeed, when using Prandtl’s approximation the terms 8°v,/dr* + 3(v.[r)/dr in [2a] are
neglected because they are small compared to 8°v,/dz° when §/R < 1. In the present theory, they
are identically zero. This follows from [6] and [10], which are not at ali related to Prandtl’s
approximation. The applicability of the above considerations to the case of non-steady flow is
less certain because of the approximation made in deriving[47]. Nevertheless, we believe that
despite the divergence of the expression for p at n — x, the limits of validity of the theory are the
same as in the case of steady flow.

In section 1, the theory of Murdoch & Leng (1971) is referenced. They describe the motion
of the liquid in the dispersion phase through the adjustable parameter v., the radial velocity at a
distance R, from the film surface. These authors consider it possible to assume v, =0, which
means that R, must coincide with the thickness & of the boundary layer. If we put v, =0 and
Rs = & in their equation [38] (see Murdoch & Leng 1971), using our result [20] we obtain again
[54], but with B =5.8 instead of B =2.82, showing that the two theories are in qualitative
agreement.

There are few experimental works where the thinning of emulsion films from pure (without
surfactant) liquids has been investigated (Mackay & Mason 1963; Hartland 1967, Sheely & Leng
1971). Sheely and Leng (1971) report the only data for the symmetrical system of two identical
drops treated in our theory. We use their data for Run No. 11, because only in this case were the film
radius R and the driving force F (i.e. AP) constant during the film thinning. Although the
calculations can be performed with variable B, for simplicity we assume that B does not depend on
h. From [56] and table 1 we obtain k.= —2/3 and B =4.98. Integration of [54] yields

~2/3 —2/3 Afi i
ho = ho ~3.3(R4p#) At, [58]
where h, is the initial thickness at which the film forms, k., the critical thickness of film rupture
(Sheludko 1966) and At the time for thinning from ho to hc. According to Murdoch & Leng
(1971) ho=10"*cm. Using the experimental values R ~5.5X% 10%cm, F=5dyn (AP =F|n
R>=530dyn/cm®), x =89%X 107 P, p =0.995g/cm’ and At = 0.062 sec, from [58] we obtain
h., =~ 6.3 % 10~ cm which is approximately equal to the measured critical thicknesses of foam
films (see Sheludko 1966) and according Murdoch & Leng (1971), is a reasonable value.

Acknowledgement—The authors are indebted to ACC of CLTOCT of BAN for the numerical
solution of [44] and to Prof. V. S. Krylov for useful discussion.

REFERENCES
FRANKEL, S. P. & MyskLs, K. J. 1962 On the ““dimpling” during the approach of two interfaces. J.
Phys. Chem. 66, 190-191.



HYDRODYNAMICS OF THIN LIQUID FILMS 409

HaBER, S., HETsroNI, G. & SoLan, A. 1973 On the low Reynolds’ number motion of two droplets.
Int. J. Multiphase Flow 1, 57-72.

HARTLAND, S. 1967 The coalescence of a liquid drop at a liquid-liquid interface. Trans. Instn
Chem. Engrs 45, T102-T108.

HARTLAND, S. 1969 The profile of the draining film between a rigid sphere and a deformable
fluid-liquid interface. Chem. Engng Sci. 24, 987-995.

IvanNov, 1. B. & Rapoev, B. P. 1970-71 Deformation d’une bulle approchant une surface solide.
God. Sof. Univ. 65, 441.

Ivanov, I. B. & Rabokv, B. P. 1972-73 Dependence of the form of a moving bubble on the surfactant
concentration. God. Sof. Univ. 67, in press.

Ivanov, I. B. & Travkov, T. T. 1971-72 Hydrodynamique des lames liquides minces. Vitesse
d’amincissement des lames du type d’emulsion. God. Sof. Univ. (Fac. Chimie) 66, 641-654.

Kocum, N. E., KiBeL, I. A. & Rozg, N. V. 1965 Theoretical Hydrodynamics, Part 2, Chap. 2.
Wiley, New York.

LevicH, V. G. 1962 Physico-chemical Hydrodynamics, Chap. 8. Prentice-Hall, New Jersey.

LoyTtsianskyy, L. G. 1962 Laminarnyi Pogranichnyi Sloy (Laminar Boundary Layer), Chap. 6
(Section 41) Moskva.

MacKay, G. D. M. & Mason, S. G. 1963 The gravity approach and coalescence of fluid drops at
liquid interfaces. Can. J. Chem. Engng 41, 203-212.

MurpocH, P. G. & LENG, D. E. 1971 The mathematical formulation of hydrodynamic film thinning
and its application to colliding drops suspended in a second liquid. Chem. Engng Sci. 26,
1881-1892.

PLATIRANOV, D. & Manev, E. 1964 A study of thin liquid films in another liquid-model of
emulsion. Izv. Khim. Inst. BAN 4, 185,

RaDpoEV, B. P., DvitrOV, D. S. & Ivanov, 1. B. 1974 Hydrodynamics of thin liquid films. Effect of
the surfactant on the rate of thinning. Coll. Polym. Sci. 252, 50-55.

REED, L. D. & MoRRISON, F. A. 1974 The slow motion of two touching fluid spheres along their line
of centres. Int. J. Multiphase Flow 1, 573-584.

Reep, X. B., Rioro, E. JR. & HarTLAND, S. 1974a The effect of hydrodynamic coupling on
axisymmetric drainage of thin films. Int. J. Multiphase Flow 1, 411-436.

ReeD, X. B., RioLo, E. Jr. & HarTLAND, S. 1974b The effect of hydrodynamic coupling on the
thinning of a film between a drop and its homophase. Int. J. Multiphase Flow 1, 437-464.

REeyNoLDs, O. 1886 On the theory of lubrication. Phil. Trans. R. Soc. Lond. A177, 157-234.

ScHLICHTING, H. 1955. Boundary Layer Theory, Chap. 5. Pergamon Press, Oxford.

SHEELE, G. F. & LengG, D. E. 1971 An experimental study of factors which promote coalescence of
two colliding drops suspended in water. Chem. Engng Sci. 26, 1867-1879.

SHELUDKO, A. D. 1966 Colloid Chemistry, Chap. 6. Elsevier, Amsterdam.

SHELUDKO, A. D. & Pratikanov, D. N. 1959-60 Investigation of thin liquid films formed on a
mercury substratum. God. Sof. Univ. 54, 213-223.

SonnTAG, H. 1960 III Int. Kongr. r. grenzfl. Stoffe 2, 601.

WacHOLDER, E. & WEms, D. 1972 Slow motion of a fluid sphere in the vicinity of another sphere
or a plane boundary. Chem. Engng Sci. 27, 1817-1828.

APPENDIX A
We discuss below some approximations used in our theory. The numerical calculations are
carried out for steady flow (B =2.82) in a typical system with p = 1g/cm®, h =10"cm,
R =10 cmand AP = 10° dyn/cm’. For brevity, only the case of symmetrical films is considered.

1. VIWV(Awr)<1
From [23], [29] and [30], we have V/v/(A.v) = (1+ e2)(2hVi/e;)"* which at €, <1 gives

4 1/3
ph’AP ) L =510, [A.11]

V 1/2
VA~ #B) ( R’
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With e:>1 (u—o®). V/A/(A.»)> 1, and this approximation is not correct. An alternative
expression is obtained from [20] and [23]:

(-

which yields #/86 < 1.

2. wA>/AP <1 or u*A,J/AP <1
Equations [23], [29], [30] and [50] yield

[.LA2: [LV() _§< hz 13 2/3 __ —2 2/3

With o = 3P this ratio will be equal to 0.1, and the approximation will be invalidated. The same
expression is obtained for u *A,/AP butin the final result ¢ */u *”* must be substituted for u *°.

3. h(de/oh)<1

On the basis of [50] we have

(967
h oh € 1 {A.1.4]
for all systems of practical interest.
APPENDIX B

We prove below that, at least in the case §/R < 1, the parameter e: is proportional to the ratio
of the energy dissipated in the film and in the drop. Since (dv,/dr)/(3v./0z) = (Uo/R)(Uo/8) =
(8/R)<1, by using [2c], [11] and [13], it is readily shown that the dissipative function w (Kochin,
Kibel & Roze 1965) for the drop can be written as follows:

W= ,L(‘;’;) [A2.1]

In the thin film approximation the same expression will be true for the flow in the film. The total
dissipation of energy per unit time will be N =27 [y [np wrdrdz for the drop and
N*=2m [2o [, w*r dr dz for the film. So from [A.2.1], [5a], [11], [23] and [24] we obtain

N* 24p*(w/A)"e’ _ __ 4a
e[ rran [
[}] 0

€27 €. [A.2.2]



